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Functional Preliminaries



Functional Derivative

Overview: This section summarizes the basic rules of functional calculus
required in subsequent chapters.

Definition
Assume f: C+— R is a functional mapping from a smooth function space C to
real numbers. The functional derivative, which measures the sensitivity of the
functional to the parameter at x(t), is defined as:
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Definition
Assume f: C+— R is a functional mapping from a smooth function space C to
real numbers. The functional derivative, which measures the sensitivity of the
functional to the parameter at x(t), is defined as:
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Equivalently, evaluated via standard calculus:

d
= aF(e)

The linearity of the derivative is obvious.

,  where F(e) == flx+ €d(- — t)]

e=0
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Basic Rules of Functional Derivatives

Product Rule

Since functional derivatives reduce to ordinary derivatives, conventional rules
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Basic Rules of Functional Derivatives

Product Rule

Since functional derivatives reduce to ordinary derivatives, conventional rules

i ol gl
X
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Chain Rule

For g : C— C, by discretizing the t-axis and applying the multi-dimensional
chain rule in the infinitesimal limit, we obtain:
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Special Case: Fourier Transform

Fourier Transform ({8 3rik)

The relationship between the derivative of a functional and its Fourier
transform exhibits opposite transformation properties. This is manifested by
the opposite sign of w and the factor 1/2x.
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Special Case: Fourier Transform

Fourier Transform ({8 3rik)

The relationship between the derivative of a functional and its Fourier
transform exhibits opposite transformation properties. This is manifested by
the opposite sign of w and the factor 1/2x.

By applying the chain rule, we obtain an expression that remains invariant
under Fourier transformation:

6f[x /2 / oS 5ﬂ>< s ¥(w)dw

ax((sl;) (4)

of
X Y(w)dw

Note: We will exploit this property when evaluating Feynman diagrams in the
Fourier domain.
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Functional Taylor Series

Functional Taylor Series

Perturbative methods often require the action to be expressed as an algebraic
functional of the fields. This is achieved through a functional expansion:
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Functional Taylor Series

Functional Taylor Series

Perturbative methods often require the action to be expressed as an algebraic
functional of the fields. This is achieved through a functional expansion:
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Generalizations:

- Shifting the Expansion Point: To expand around a point other than x = 0,
simply replace x with x — x°.

- Multiple Fields: For functionals dependent on multiple fields, apply the
functional Taylor expansion to each dependence individually.
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Bridge: From 0D Variables to 1D Fields (Time-Series)

Recap of Ch. 1-5: We treated random variables x € R" as "0D fields”. The
physics Action S(x) is simply the negative of a static distribution.

The Paradigm Shift to Ch. 6-9: We now introduce Time (t). The random vector
becomes a continuous (or time-series) x(t).

Concept | 0D (Static Statistics) 1D (Dynamic Statistics)

Statistical Object | Random Vector x € R" Time-Series / Stochastic Process x(t)
Probability | Joint PDF p(x) Path Measure P[x(t)]

The Action S | Log-Likelihood In p(x) Dynamic Log-Likelihood of a trajectory

Calculus | Partial Derivative 2 Functional Derivative éx‘z[)

Expectation | Multiple Integral [...dx | Path Integral [ Dx (Sum over histories)

Goal: We need functional calculus to generalize statistical moments and
cumulants (via Feynman diagrams) from static variables to continuous-time
Stochastic Differential Equations (SDEs).
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Conceptualizing the Path Measure: From Points to Trajectories

Static: The Point Measure Dynamic: The Path Measure
We evaluate the likelihood of discrete variables We evaluate the likelihood of the system
landing in a specific state (a "point” in space). realizing an entire continuous curve over time.
p(x) X eXP(*Sstaﬂc(x)) P[X(t)] X EXP(*denam\c{X(t)])
X2 x(t)
Path x(t)
State x

The SDE as a Translation Engine
An SDE (% = f(x) + &) acts as a stochastic change of variables.

It maps the known, simple Gaussian measure of the white noise P[£(t)]
directly onto the trajectory.

The resulting Action in the exponent is exactly the Trajectory Log-Likelihood.
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Functional Formulation of SDEs



Stochastic Differential Equations

Stochastic Differential Equations (SDEs)

We consider the SDE with an initial value x(0+) = a:

dx(t) = f(x)dt+ g(x)dW(t), (6)
——  —]\—
Drift Diffusion

where W is a Wiener process.

SDEs are defined as the continuous-time limit of dynamics on a discrete time
lattice with spacing h. For additive noise where g(x) = const, different
discretization conventions for the drift term still lead to different path-integral
representations.
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Stochastic Differential Equations

Stochastic Differential Equations (SDEs)

We consider the SDE with an initial value x(0+) = a:

dx(t) = f(x)dt+ g(x)dW(t), (6)
——  —]\—
Drift Diffusion

where W is a Wiener process.

SDEs are defined as the continuous-time limit of dynamics on a discrete time
lattice with spacing h. For additive noise where g(x) = const, different
discretization conventions for the drift term still lead to different path-integral
representations.

Both conventions can be treated simultaneously by introducing « € [0, 1]:
Xt = Xi—1 = flaxi + (1 = a)x—1)h + adi_1 + & 7)

where &: Gaussian noise ,adi—1: Initial state xo = a.

9/28



Discretization: Ito vs. Stratonovich

Both conventions are unified by the interpolation parameter

Xt — Xi—1 = flax + (1 — a)xi—1)h + adi—1 + & (8)
Property Ito (o = 0) Stratonovich (a = 3)
Evaluation Past Midpoint
Chain Rule Ito’s Lemma Standard Calculus
Jacobian in Action | Trivial (= 1) Adds —1f(x) term
Eq-Time x(t, 1) 1/2 (Loops exist)

The Markov Property

The joint density p(x1,...,xu|a) depends only on the preceding time step. This
step-by-step factorization ensures the total path probability measure is rigorously
normalized to 1.
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Onsager-Machlup Path Integral

For Gaussian white noise with variance (&) = ¢;Dh, taking the continuous
limit M — oo and h — 0 yields the path integral:

plX|x(04) = a]Dx := exp (f 21D /OT(atx — f(x) —ad(t))? — af’(x)dt) Dx 9)

The action contains a squared term. This complicates analytical treatments

significantly, particularly when attempting to calculate quenched averages (j&
K EY) in disordered systems.
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MSRD]J Path Integral

7.3 MSRD] Path Integral

To remove the troublesome squared term (x — f(x))? from the Onsager-Machlup
action, the MSRDJ formalism introduces an auxiliary response field (0ERz3%) X.

Instead of integrating out the noise early, we start with the exact delta

constraint of the SDE: §(9:x — f(x) — &) = 0. We represent this Dirac é-functional
via its Fourier representation:

(... o /D}% exp (/ dt (1) [ax(t) — Fx(t)) — §(t)]) (10)
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MSRD]J Path Integral

7.3 MSRD] Path Integral

To remove the troublesome squared term (x — f(x))? from the Onsager-Machlup
action, the MSRDJ formalism introduces an auxiliary response field (0ERz3%) X.

Instead of integrating out the noise early, we start with the exact delta
constraint of the SDE: §(9:x — f(x) — &) = 0. We represent this Dirac é-functional
via its Fourier representation:

(... o /D}% exp (/ dt (1) [ax(t) — Fx(t)) — §(t)]) (10)

Averaging over the noise £ now only affects the e=*¢ term. By definition of the
cumulant-generating function We:

<€_ fi&dt>§ = exp (WE[_;(D Gaussian Noise exp (/ dt g)?Q(t)) (11)
Result: The action is now in dx and f(x), moving the non-linearity

to a mathematically manageable position!
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Moment-Generating Functional

7.4 Moment-Generating Functional

By adding a source term j(t), we define the generating functional Z[j] in a
compact vectorial notation (using inner product xTy := [ x(t)y(t)dt):
2 = [ Dx [ Dautexn (% (@0~ 1 - a5(0)

/% — alTF (x) + W5H])

Moments of the path are simply extracted via functional derivatives:

x(t)...x(s)) = WZU] ’j:o
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Response Function

7.5 Response Function (U 57 & %)

To compute the system s response to an external perturbation /( ), we add
j(t—) (t) to the action. j couples to %, validating X as the "response field”.

The linear response function x(t,s) is given by:

x(t,5) = Tim = (X)) — KDy ) = —(KOK(S)) (13)

e—0 €
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Response Function

7.5 Response Function (07 Z k)

To compute the system s response to an external perturbation /( ), we add
j(t—) (t) to the action. j couples to %, validating X as the "response field”.

The linear response function x(t,s) is given by:

x(t,5) = Tim = (X)) — KDy ) = —(KOK(S)) (13)

e—0 €
Equal-Time Response Advantages:

- In the Ito convention (@ = 0), x(s,s) = 0. This is highly advantageous
because it rigorously leads to vanishing loop contributions in Feynman
diagrams for equal time points.
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Ornstein-Uhlenbeck Process: Free
Gaussian Theory




Ornstein-Uhlenbeck Process

8.1 Definition

This section identifies a Gaussian solvable system. The Ornstein-Uhlenbeck
(OU) process serves as the free Gaussian theory (B B HiE ) because its
action is bilinear in the fields x and X.

The SDE for the OU process is:

dx = mxdt+ dW, (dW;(t)dW(s)) = D;érsdt (14)

where m € RV*N. Generalizing the MSRD) formalism gives the action:

S, K] = / 20 (1) (0 — m)x(2) +2(t)Tgm)dt (15)
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Symmetric Action

We can write the action in a more symmetric form by introducing the
x(t)
X(t)

Sly] = ,,//y s)dtds

where the operator A(t, s) is explicitly defined as:

Alt,s) = ( 0 af+mT> 5(t—s)

compound field y(t) =

-0+ m —-D

Note: The minus sign in the upper right entry follows from integration by parts
acting on X* (t)dux(t), assuming vanishing boundary terms.
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Propagators in Time Domain

8.2 Propagators in Time Domain

The moment-generating functional takes the Gaussian form Z[j] = exp (%TFA/)
We determine the propagators (Green’s functions) A as the inverse of A:

A=A e, /A(s, HA(t, u)dt = diag(6(s — u)) (16)
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Propagators in Time Domain

8.2 Propagators in Time Domain

The moment-generating functional takes the Gaussian form Z[j] = exp (JFA/)
We determine the propagators (Green’s functions) A as the inverse of A:

A=A e, /A(s, HA(t, u)dt = diag(6(s — u)) (16)

The matrix elements represent the correlation and response functions:

(Balt) Astn)) _ ((Oxw)  (xOF(w)
A“’”“(A;x(t,u) As(t,u ))‘( (x(0)% >
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Propagators in Fourier Domain (Matrix Inversion)

8.3 Propagators in Fourier Domain

Because the OU process is time-translation invariant, the operator A(d)
becomes purely algebraic in the Fourier domain (8; — —iw). The action matrix

IS:
0 —iw+m
Alw) = <iw +m -D > ()
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Propagators in Fourier Domain (Matrix Inversion)

8.3 Propagators in Fourier Domain

Because the OU process is time-translation invariant, the operator A(d)
becomes purely algebraic in the Fourier domain (8; — —iw). The action matrix

is:
0 —iw+m
A =1. 17
(w) <Iw +m -D > (7)
The propagator matrix A(w) is simply the inverse A=!(w):
1 D lw—m
A e — 18
) w? 4+ m? (—iw—m 0 ) 18)

Immediate Insights:

- Azz(w) = 0 (Response fields never correlate with themselves).

* Ax(w) = =7z (The classic Lorentzian power spectrum).
s Ag(w) = _l.wl_m (Inverse mapping back to time domain via residue

theorem vyields the causal step function H(t)).
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Diagrammatic Formulation

Similarly, the response function relies on the Heaviside step function H(t — s)
to preserve causality (ESH):

Ag(t,s) = (X(DX(s)) = —H(t - 5)e™ ™ (19)

Diagrammatic Formulation (EIfg5ciR)

%(5) —=F 5 x(t X(5) —2 s x(t)

- Response function: Represented by a straight line with a single arrow
indicating time flow. It is strictly causal ((x(t)X(s)) = 0 if t <s).
- Correlation function: Represented by a line with two outgoing arrows.

- Vanishing moments: (x(t)X(s)) = 0.
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Perturbation Theory for SDEs




Vanishing Moments of Response Fields

Abstract

This chapter introduces perturbation theory to SDEs. Non-linearities

correspond to the non-Gaussian part of the action requiring perturbative
corrections.

9.1 Vanishing Moments of Response Fields

Consider an SDE with a non-Llinearity f(x) and a source J:

dx(t) = f(x(t))dt — j(t)dt + dW(t) (20)

Because Z belongs to a properly normalized density for any right-hand side,
we have exactly Z[0,j] =1 Vj. Consequently, all functional derivatives with
respect to j must vanish:

X(t1) X)) =0  Vn>0

This holds independent of any perturbation expansion.
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Feynman Rules in Time Domain

9.2 Feynman Rules for SDEs in Time Domain

Consider the non-linear SDE: dx + xdt — %Xth = dW. The Taylor expansion of
the action introduces an interaction vertex ( E{EATR=):

V[x,X] = /dsx

X(s) To compute the first-order correction to the mean (x(t)),
we pull down one vertex V:
X(s) =
5 st = 5 [ s X9 x(5)x(5))o
X(s)

chk Contraction
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Feynman Rules in Time Domain

9.2 Feynman Rules for SDEs in Time Domain

Consider the non-linear SDE: dx + xdt — %Xth = dW. The Taylor expansion of
the action introduces an interaction vertex ( E{EATR=):

V[x,X] = /dsx

X(s) To compute the first-order correction to the mean (x(t)),
we pull down one vertex V:
X(s)
5 st = 5 [ s X9 x(5)x(5))o
X(S) chk Contraction

By Wick's theorem, we must pair the fields. Since (XX) = 0, the only valid
non-zero pairing is:
- D
X(Ohse = 5 / ds (X(DX(S))o (K(SIK(S))o = 47 (21)
2 ——— — — 4|m|

Straight Line Loop

Diagrammatically, the observation point t connects to the vertex at s (response
A), and the remaining two x(s) legs contract with each other to form a loop
(AXX)-
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Feynman Rules in Frequency Domain

9.2 Feynman Rules in Frequency Domain

For time-translation invariant problems, the Fourier domain is simpler. The
interaction vertex enforces frequency conservation (frequencies sum to zero):

Vfreq o // dw1dwadws §(w1 + w2 + wg)X(wl)X(wz)X(ws) (22)
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Feynman Rules in Frequency Domain

9.2 Feynman Rules in Frequency Domain
For time-translation invariant problems, the Fourier domain is simpler. The
interaction vertex enforces frequency conservation (frequencies sum to zero):

Vfreq o // dw1dwadws §(w1 + w2 + wg)X(W1)X(w2)X(W3) (22)
The first-order correction evaluates an integral over the internal frequency:

« dw1 . —1 . -1
<X(0)>15[ = Q'D/ ﬁ(—lwl — 1) D(le — 1) (23)

T4

This correction only affects the stationary expectation value at w = 0.
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Higher-Order Diagrams & Causality

9.3 Diagrams with Multiple External Legs

- To correct the variance (2nd cumulant), take the second functional

derivative of Z, which isolates symmetric 1PI (One-Particle Irreducible)
contributions.

- Multiple poles in the frequency domain are solved via Cauchy’s differential
formula.
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Higher-Order Diagrams & Causality

9.3 Diagrams with Multiple External Legs

- To correct the variance (2nd cumulant), take the second functional
derivative of Z, which isolates symmetric 1PI (One-Particle Irreducible)
contributions.

- Multiple poles in the frequency domain are solved via Cauchy’s differential
formula.

9.5 Vanishing Response Loops
Interaction vertices couple fields at equal times.
- Ito Convention: (x(t)X(s)) = 0 for t < s. Any diagram forming a closed

response loop must travel forward in time, hence equal-time loops
rigorously vanish.

- Stratonovich Convention: (x(t)x(t)) = 1/2. Closed loops exactly cancel with
the functional determinant —1f(x) arising from the discretization limit.
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Dynamic Mean-Field Theory for Random
Networks




The Random Recurrent Neural Network Model

Sompolinsky-Crisanti-Sommers (1988) Model

We consider a large network of continuously interacting neurons. The state x;(t)
of neuron i evolves according to the stochastic rate equation:

dxi(t) +x(t)dt = Jyb(x(t))dt + dW(t) (24)

j=1

Quenched Disorder (FENJERE): The synaptic weights J; are frozen (constant in
time) and randomly drawn from a Gaussian distribution:

2
Jj NN(O,%) for i # j (25)

where g represents the global coupling strength, and ¢(x) = tanh(x) is a
non-linear gain function.

Goal: Solve the macroscopic dynamics of this system as N — oo to rigorously
study the transition to chaos.
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Averaging Over Quenched Disorder

The Disorder Average via MSRD)

To find the macroscopic behavior generic to the ensemble, we construct the
MSRDJ generating functional and average it over the quenched disorder Jj.
Because J; appears linearly in the action, integrating over its Gaussian
distribution yields a four-field interaction term:

(oo (- [ 5o0)0t) >/ = exp <§N (/ xqs(x,»)dt)Q) (26)

We decouple this using auxiliary macroscopic fields Q; and Q.. In the large N
limit, we apply a :

- Qi(s,t) = g% (B(X(5))p(X(1)) = g*Cy (S, 1)
-+ Q3(s,t) = 0 (due to vanishing moments of response fields).
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The Effective Single-Neuron Dynamics

Dynamic Mean-Field Theory (DMFT)

The saddle-point approximation reduces the highly coupled N-neuron network
into N identical, non-interacting units. Each follows a single effective equation:

(O + 1)x(t) = n(t) (27)

Self-Consistency Condition (B85 %)

The noise 7(t) = ¢(t) + W(t) is generated by the rest of the network! It is a

Gaussian process with an autocorrelation determined by the system
itself[cite: 11:

(n(®)n(s)) = g*Cos(t,s) + DS (t —5) (28)

Insight: The network acts as a self-generated, self-consistent noise bath for
each individual neuron|cite: 1].
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Stationary Statistics and the Effective Potential

Autocovariance as a Particle in a Potential[cite: 1]

The stationary statistics are completely determined by the autocovariance
c(t —s) = (x(t)x(s))[cite: 1]. It obeys a differential equation mathematically
equivalent to a particle in a potential V(c; co)lcite: 11:

d7c(r) = =V/(c(r); co) — DS (7) (29)

- V(c;co) = For g < 1, the parabolic part dominates,
17 > 2 flcite: bending the potential downwards and
3¢ g fa(c(7), Co) — constlcite: leading to a silent state[cite: 1]. For

1. g > 1, the curvature at the origin
- The initial value co = ¢(0) is fixed changes, allowing non-trivial chaotic
" A solutions[cite: 1].
by "energy conservation”:
V(co; co) + E = o[cite: 1].
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Transition to Chaos

The Edge of Chaos|cite: 1]

To assess stability, we consider two identical replicas of the system and
measure their mean-squared distance d(t)[cite: 1]. The exponential growth rate
maps to the ground state Eq of a [cite: 1]:

(=92 = V"(c(1); co))¥b(T) = Eotp(T) (30)

The maximum Lyapunov exponent is Amax = —1 + /1 — Eglcite: 1]. A necessary
condition for the transition to the chaotic state is[cite: 1]:

1< ¢3¢/ (%)?) (31)

Conclusion: SFT proves that macroscopic chaos emerges purely from the
variance of random synaptic weights g2, separated by a sharp phase
transition[cite: 1].
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